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Abstract. We consider the n- dimensional space homogeneous Boltzmann equation for 
elastic collisions for variable hard potentials with Grad (angular) cutoff. We prove sharp 
moment inequalities, the propagation of L 1 -Maxwellian weighted estimates, and conse- 
quently, the propagation L°°-Maxwellian weighted estimates to all derivatives of the initial 
value problem associated to the afore mentioned problem. 

More specifically, we extend to all derivatives of the initial value problem associated to 
this class of Boltzmann equations corresponding sharp moment (Povzner) inequalities and 
time propagation of L 1 -Maxwellian weighted estimates as originally developed Bobylev [2] 
in the case of hard spheres in 3 dimensions; an improved sharp moments inequalities to a 
larger class of angular cross sections and //-exponential bounds in the case of stationary 
states to Boltzmann equations for inelastic interaction problems with 'heating' sources, by 
Bobylev-Gamba-Panferov 3 , where high energy tail decay rates depend on the inelasticity 
coefficient and the the type of 'heating' source; and more recently, extended to variable hard 
potentials with angular cutoff by Gamba-Panferov-Villani [5] in the elastic case collision 
case and so L 1 -Maxwellian weighted estimated were shown to propagate if initial states 
have such property. In addition, we also extend to all derivatives the propagation of L°°- 
Maxwellian weighted estimates, proven in [5], to solutions of the initial value problem 
to the Boltzmann equations for elastic collisions for variable hard potentials with Grad 
(angular) cutoff. 



1. Introduction 

The study of propagation of L 1 -Maxwellian weighted estimates to solutions of the initial 
value for the n-dimensional space homogeneous Boltzmann equation for elastic collisions 
for variable hard potentials with Grad (angular) cutoff entices the study of summability 
properties of a corresponding series of the solution moments to all orders. This problem 
was addressed for the first time by Bobylev in [2] in the case of 3 dimension for the hard 
sphere problem, i.e. for constant angular cross section in the collision kernel. 

Previously, the behavior of time propagating properties for the moments of the solution 
to the initial value problem for the elastic Boltzmann transport equation, in the space homo- 
geneous regime for hard spheres and variable hard potentials and integrable angular cross 
sections (Grad cutoff assumption) had been extensively studied, but not their summability 
properties. In fact, the study of Povzner estimates and propagation of moments of the 
solution to the of variable hard potentials with Grad cutoff assumption, was progressively 
understood in the work of Desvillettes [3j and Wennberg p3], where the Povzner estimates, 
a crucial tool for the moments control in the case of variable hard spheres with the Grad 
cutoff assumption, where based on pointwise estimates on the difference between pre and 
post-collisional velocities of convex, isotropic weights functions of the velocity in oreder to 
control their integral on the n — 1 dimensional sphere, and consequently, and not sharp 
enough to obtain summability of moments. 

A significant leap was developed by Bobylev [2] where the first proof of summability 
properties of moments was established, in the case of hard spheres in 3 dimensions, showing 
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that L -Maxwellian weighted estimates propagates if the initial data is in within that class. 
Among several new crucial techniques that were developed in that fundamental paper, the 
is a significant improvement of the Pozvner estimates based on the averaging (integrals) 
on the Ti — l dimensional sphere of convex, isotropic weights functions of the velocity, for 
the case of variable hard potentials with the Grad cutoff assumption. As a consequence it 
is possible to established that, in the case of three dimensions velocity, for hard spheres, 
the moments of the gain operator will decay proportional to the order of the moment with 
respect to the loss term uniformly in time, by means of infinity evolution inequalities in 
terms of moments. That key estimate yields summability of a moments series, uniformly 
in time. Later, Bobylev, Gamba and Panferov [3], establish the sharpest version of the 
Povzner inequality for elastic or inelastic collisions, using the approach of [2], by a somehow 
reduced argument, under the conditions that both the convex, isotropic weights functions 
of the velocity and the angular part of the angular cross section are non-decreasing. The 
two main ideas are to pass to the center of mass relative velocity variables and to use 
the angular integration in to obtain more precise constants in the corresponding inequali- 
ties. The summability property, which in the work of Bobylev [3], was done only for hard 
spheres in three dimensions whose the angular cross section is constant, was extended, in 
[2], to the case of bounded angular section. In addition, the problem of stationary states 
to Boltzmann equations for inelastic interaction problems with 'heating' sources, such as 
random heat bath, shear flow or self-similar transformed problems, was addressed in [3], 
where L 1 -exponential bounds with decay rates depending of the inelasticity coefficient and 
the the type of 'heating' source were shown as well. In these cases the authors showed 
L 1 -exponential weighted decay bounds with slower decay than Maxwellian (i.e. s < 2). 

In an interesting application of these moments summability formulas, estimates and tech- 
niques, Mouhot [9], was able to establish (for the elastic case) a result that proves the 
instantaneous 'generation', of ^-exponential bounds uniformly in time, with only L\ n L 2 
initial data, where the exponential rate is half of the variable hard sphere exponent, under 
the same assumptions on the angular function as in [3]. 

However, still for the elastic case, of variable hard potentials and Grad cutoff assumption, 
neither [2] nor [3J, addressed the propagation of L 1 -Maxwellian weighted bounds, uniform 
in time to solutions of the corresponding initial value problem in n-dimensions with more 
realistic intramolecular potentials. In a recent manuscript by Gamba, Panferov and Vil- 
lani [5], showed the L 1 -Maxwellian weighted propagation estimates and the provided a 
proof to the open problem of propagation of L°°-Maxwellian weighted bounds, uniformly 
in time. The Grad cutoff assumption was still assumed (integrability of the angular part 
of the collision kernel) without the boundedness condition, but a growth rate assumption 
on the angular singularity, depending only on the velocity space dimension, that still keeps 
integrability. The propagation of L°°-Maxwellian weighted bounds combines the classical 
Carleman representation of the gain operator with the L 1 -Maxwellian bounds. 

More specifically, the behavior for large velocities is commonly called "high energy tails". 
Under precise conditions, described in [2] and [5]), it is known that for a solution this 
asymptotic behavior is comparable in some way to exp(— r|£| s ) with r,s positive numbers. 
In the case of elastic interactions, it is known that s = 2, provided the initial state also 
has that behavior, i.e. it decays as a Maxwellian. This is a revealing fact that says that a 
solution of the elastic initial value problem for the re-dimensional Boltzmann equation, with 
variable hard potential kernels and singular integrable angular cross section, decays like a 
Maxwellian for all times as long as the initial state does it as well. 

In this present manuscript, we extend the results of [5] to show both propagation of of L 1 - 
Maxwellian and L°°-Maxwellian weighted estimates to all derivatives of the solution to the 
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initial value problem to the space homogeneous Boltzmann equations for elastic collisions 
for variable hard potentials with an integrable angular singularity condition as in [5]. 

We first note that sharp Povzner inequalities (|2j-|3j-[5j) are, indeed, the main tool for the 
study of the solution's moments for the variable hard potential models. They control the 
decay of the moments of the gain collision operator with respect to the moments of the loss 
collision operator. This technique yields a control of the time derivative of any higher order 
moment using the lower order ones. In particular, one uses the Boltzmann equation, in 
order to build an infinite system of sharp Povzner inequalities for each moments which can 
be used, by arguing inductively, to control each moment uniformly in time. As a result one 
obtains L 1 -Maxwellian weighted estimates and the corresponding L°°-Maxwellian weighted 
estimates in the elastic interaction models in ra-dimensions and for variable hard potential 
collision kernels with an integrable angular singularity condition depending on the dimension 
n. 

Here we show that these results extend to the study of propagation of L 1 -Maxwellian 
and L°°-Maxwellian weighted estimates to any high order derivatives of the solution to the 
n-dimensional elastic Boltzmann equation for variable hard potentials. In particular, these 
bounds imply that if the initial derivatives of the solution are controlled pointwise by the 
derivatives of a Maxwellian then this control propagates for all times. 

The paper is organized as follows. After this introduction, section 2 presents the prob- 
lem and the main Theorem [TJ Section 3 focus in finding sharp Povzner inequalities for 
the solution's derivatives. All the computations regarding the derivatives of the collision 
operator and the action of the differential collision operator on test functions are presented 
in Lemmas [TJ [2] and El Lemmas [4j [5j [6] and [7] are devoted to provide a suitable expression 
ready to use for the construction of the mentioned system of inequalities on the derivative's 
moments. In Lemma [8] such a system of inequalities is presented. 

Then in section 4, all previous results used to obtain information for the solution's deriva- 
tives in the elastic case. Theorem [2] proves the control of moment's growth, and Theorem [3] 
uses Lemma [8] to obtain a global in time bound for the derivative's moments in the elastic 
case yielding the L 1 -Maxwellian bounds to derivatives of any order. Finally in section 5, we 
show that uniform bounds on the moments of these derivatives lead to a pointwise estimate. 
This is possible after using an L°°-L l Maxwellian weighted control on the gain collision op- 
erator as shown in [5] (see Theorems [5] and [6] in the Appendix A) . The Boltzmann equation 
and this control are sufficient to find a time uniform pointwise control by Maxwellians for 
the solution's derivatives of any order. Calculations of this fact are performed in Theorem[TJ 
where the L°°-Maxwellian bound is shown. 



This section presents the assumptions and notation used along the paper. Assume that 
the function < f(£,t) with (£,t) £K n xl+ solves the homo geneous Boltzmann problem 



where Q(f,f) ■= Q + (f,f) — Q (f,f) is the standard Boltzmann collision operator for 
variable hard potentials. It is defined for any two measurable functions / and g by the 
formula 
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df 
dt 



Q(fJ) on(0,r) xf 



n 





In particular, 
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and, 



(4) Q-(J,g) 



/ / fg*B(£-£*,a)dad£*. 

JR n iS"" 1 



The classical notation '/, '/*, /' and fl is adopted to imply that the distributional function 
/ has the pre-collision velocity arguments '£* or the post collision velocity arguments 
4v Recall that the dependence of post and pre-collision velocities is given by the formulas 

t' = £, + \(\uW-u)), £ = ^-l(\ u \a-u)) 

where a € 5 n_1 is a vector describing the geometry of the collisions, see for example [13] . 
for a complete description. 

Intramolecular potentials are modeled by the collision kernel as a non negative function 
given by 

B(£-€*,a) = \£-(;*\ a h(u-(T) and u = J _ ^* 

Is s* I 

with a € (0, 1] and u is the renormalized relative velocity. It is assumed that the angular 
cross section h{ ) has the following properties 

(i) h(z) > is nonnegative on (—1, 1) such that 

h(z) + h(— z) is nondecreasing on (0, 1) 

(ii) 

< h(z){\ - z 2 yl 2 <C for ze (-1, 1) 

where < n — 1 and C > constant. 

Note that assumption (i) implies that h(u • a) £ L 1 (5 n ~ 1 ). For convenience we normalized 
its mass as follows 

ri n _ 3 
h(u ■ a)d<T = u) n -2 / h(z)(l — z 2 )^~dz = 1 



-l 

where ui n -2 is measure of the n — 2 dimensional sphere. 

In the case of three dimensional collisional models for variable hard potential, condition (ii) 
simplifies to 

(5) J h{z)dz = l/2vr. 

usually referred as the Grad cutoff assumption. With these assumptions the collision model 
kernel used still falls in the category of variable hard potential with angular cut-off. The 
reader may go to [5] for a recent, complete discussion on the behavior of the moments of 
the solution for variable hard potential with cut-off in any dimension. 

The standard integrability conditions on the initial datum Jq are assumed to be 
/ /od£ = l, / M<% = 0, f / |e| 2 ^<oo. 

JR n JR n JR n 

In other words, /q has finite mass, which is normalized to one for convenience, and finite en- 
ergy. These conditions can be addressed in a compact manner using the weighted Lebesgue 
space L p k with p > 1 and fc£t, defined by the norm 

Vp 

Il£(r«) 



/ l/| p (l + \i\ 2 ) pkl2 di) • 
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In particular the initial datum can be referred as /o £ L\. 

Following these ideas, the weighted Sobolev spaces W^ ,p , with s £ N, are used to work with 
the weak derivatives of /. These spaces are defined by the norm 

i/p 

w s, P(Rn) = i ^2 Wfwii 

\M<» 

where the symbol d v is understood as d v = dg^d^ ■ ■ ■ d^ n for a multi-index 77 of n dimen- 



sions. The usual notation is used for the Hilbert space HI = W, ' 



Throughout the paper, the order of the multi-index is defined as \rj\ = X)i<i<n r ?«' m 
addition, the comparison between multi-indexes is denoted as v < rj or v < tj. This is 
understood as Ui < r/i for all 1 < i < n and \v\ < \rj\ or \v\ < \rj\ respectively. 

s 1 

Regarding the regularity of the initial datum, it is required that /o E W 2 ' for some s > 1 
to be chosen afterwards. The additional assumption fo G H s is required for the final result. 

Definition 1. Define for any sufficiently regular function f , multi-index r] and p > the 
moment of order p for the r\ derivative of f as the time dependent function 

(6) S^mJt)= I I^/IICI 2 ^. 



This definition tries to generalize the classical definition for the moments, m p (t) = 
Jr™ /|£| 2p d£, however an absolute value is imposed in d v f since this function in general 
does not have sign. Observe that the condition fo £ W% is equivalent to say that 5 u mo(0) 
and 5 u mi(0) are bounded for \v\ < s. 

The next definition is related to the exponential tail concept introduced in [2] in the study 
of the solution's moments of the elastic homogenous Boltzmann equation, and later in [3] 
in the study of large velocity tails for solutions of the inelastic homogeneous Boltzmann 
equation with source terms. 

Definition 2. The function f has an L 1 exponential (weighted) tail of order s > in [0, T] 
if 

(7) f s = sup<r: sup ||/ exp(r|£| s )|| L i (Rn) < +00 \ 

r>0 [ 0<t<T J 

is positive. 

In particular, for s = 2 we simply say that f has an L 1 -Maxwellian (weighted) bound. 

This definition is equivalent to that one used in [2] and [3] for the solution of the homo- 
geneous Boltzmann equation. Observe that the definition does not requires non negativity 
in the function /. This is important since the main purpose of this paper is to study the 
derivatives of the solution of problem ([1]), functions that do not have sign. 

We point out that Bobylev proved in [2] the propagation L 1 -Maxwellian tails for the hard 
sphere problem in three dimentsions. That is, he showed the existence of L 1 exponential 
tail of order 2 for the solution of the homogeneous Boltzmann equation provided the initial 
data has L 1 exponential tail of order 2 the case is special in the sense that the angular cross 
section function h(z) in ([2]) is constant. Recently, this result was extended was in [5] under 
the conditions (i-ii) for the angular cross section, to further show that the tail behavior 
is in fact 'pointwise' for all times if initially so. This fact motivates the following natural 
definition. 
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Definition 3. The function f has an L°° exponential (weighted) tail of order s > in [0, T] 
if 

(8) f s = sup \ r : sup ||/ exp(r|£| s )|| Loo(B , n) \ < oo 

r>0 [ 0<t<T J 

is positive. 

In particular, for s = 2 we simply say that f has an L°° -Maxwellian (weighted) bound. 

As it was just mentioned above, the elastic, space homogeneous Boltzmann equation for 
variable hard spheres (i.e. a E (0, 1] in equation ([2])) it has been shown that the solution 
has an L°° exponential tail of order 2 in [0, oo). This is a consequence of the rather strong 
fact that L 1 exponential tail implies the L°° exponential tail in the solution by means of a 
result like Theorem [5] in the Appendix. Another example of the strong relation of L 1 — L°° 
exponential tails is given in [8]. In this work the authors proved the existence of self-similar 
solutions for the inelastic homogeneous Boltzmann equation with constant restitution co- 
efficient. Using the results from [5], where it was shown proved that an steady state of a 
self- similar solution must has all moments bounded and an L 1 exponential tail of order 1, 
the authors went further to show the existence of such steady states and that also it has an 
L°° exponential tail of order 1. 



We are ready to formulate the main result of this work after the introduction of the short 
notation for the Maxwellian (i.e. exponential of order 2) weight, 

M r = M r (£) = exp(-r|£| 2 ) with r G R. 

Theorem 1. Let rj any multi-index and assume that /o G ^(Zjl— i)(i+a/2) ' ^ n Edition, 
assume that for all v < rj we have that \d u f \/M ro G L 1 and \d u f \/ {(1 + |£| 2 )'" l/2 Mr } G 
L°° for some ro > 0. Then, there exist r < ro such that 

\d u f\ 

*>o (i + m^M T - Kri ' r ° 

for all v < rj, where K„ ro is a positive constant depending on rj, ro and the kernel h(-). In 
particular, for v < rj and t > 

hm 1^(^)1 <iWlim il%(£) 
[£|-+oo 

where the constant f\ is given by (0j for the function d u f. 
Remarks : 

• In other words, if d u fo has a L°° exponential tail of order 2 for all v < rj, then the v 
derivative of the solution will propagate such behavior, that is the d u f(t, v) still has 
an L 1 exponential tail of order 2. In addition, using related arguments to the ones 
in [5], yields the propagation of L°° exponential tails of order 2 for the v derivative 
of the solution, for all v < ry. 

• It is clear that the property of having L 1 or L°° exponential tail is transparent to 
the polynomial weight that we include. Indeed, a function has any of the previous 
properties if an only if the product of the function with a polynomial also has the 
property. We include the weight in the statement of Theorem [1] since it appears 
naturally for variable hard sphere kernels with an angular cross section function 
h(z) satisfying (i)-(ii), as the proof of the Theorem shows. In addition, emphasis 
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has been done about the fact that the v derivative of the solution is being compared 
with the v derivative of the Maxwellian. 

As it was noticed in [2] and [3], the existence of L 1 exponential tails for a solution / of the 
space homogeneous Boltzmann equation, is closely related to the existence of all its moments 
and its summability properties. Following that line of work in the such of properties of such 
nature for d^f, we also observe that 

/ ff>f\ exp(r|£| s R = E— 7^ k - 

Thus, in order to show that there is a the choice of s > for which the summability of 
moments, or equivalently, a bound for the right hand side of ([5]) uniformly in time t, one 
would need to show that there exist positive constants K and Q, independent of t, such 
that ifm s y2/^ < KQ k , k = 1,2,3 - •• . Hence, if that is the case, the sum in the right 
hand side of ([2]) converges choosing, uniformly in time, for any r such that < r < 1/Q. 
This fact will imply that the integral is finite and therefore f£ > 0. 

Bobylev et al, in [2], and in [3], proved that under precise conditions the moments of / 
satisfy estimates 

(9) m sk/2/^- < KQ k uniformly in time for s = 2 . 

This paper intends to do the same for 5 r, m s i c /2 as defined in ([6]). 

Conversely, if the integral in the left hand side is bounded on [0, T] for some positive r, s, 
the terms in the sum must be controlled in the form 5 r) m sk j2/k\ < K Q k , k = 1, 2, 3 • • ■ 
for some constants K, Q > 0. Thus, the moments ^rrig^^ with k = 1, 2, 3, • • • are uniformly 
bounded on [0, T] if and only if d v f has an L 1 exponential tail of some order s > in [0, T]. 
Before continuing with the technical work the reader may go to Appendix A. and see some 
of the classical results known for a distributional solution / of ([T]) used throughout this 
work. 



3. Sharp Povzner-type inequalities for the solution's derivatives 

The purpose of this section is to give technical Lemmas regarding the derivative of the 
collision operator d ri Q(f, f). The idea of the following Lemmas is to obtain expressions for 
this operator as close as possible to those already given in [3] for Q(f, /). 

Lemma 1. Let f a sufficiently smooth function. Then, the following expressions hold for 
the positive and negative parts of the collision operator 



V<1] 

In particular, 



WQHfJ) =E ( I ) QHd u f,d^f). 



Proof. This is a direct consequence of the invariance property taQ(/, /) = Q(ta/, ta/), 
where ta is the translation operator defined by taS'(C) = ~ A)i for £ and A in R n . For 
details see [12]. □ 



Next, we need a suitable form for the action of the derivative of the collision operator 
d u Q(f,f) on test functions. 
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Lemma 2. Let f a sufficiently smooth function. Then, the action of the n derivative of the 
collision operator on any test function (j> is given by 

(10) / ^q(/,/)m= / / hdy A[^\\ u \ a d^ 

JR" J JR n xR n 

+ 1/2 V (l) I ! d v fd*-»UA[<t>\\u\<*dt*d£, 

where 

A[</>] = A+[<j>] - A-[4>] 

with 

(11) A+[(j>] = [ {(j)' + <fQh(u ■ a)da and A' [(f)] = <p + (p* 

JS"- 1 

Proof. For / and g any smooth functions we have after the regular change of variables 

(12) / Q + (f,g)ct>dZ = l [ [ [ (fgrf + f*g^)h(u ■ a)da\u\ a d^d(. 

JR n Z J J JR n XR n XS n - 1 

Also, using the change of variables £ — > the action of the negative collision part is given 
by 

(13) / Q-(f,g)(t>dti = l I j (/<?*</> + f*g<t>*)\u\ a d&dt. 

JR n 1 J JR n xR n 

Now, using Lemma Q] 

JR n v< \ y J JR n 

Let / = d v f and g = d r >~ u f in to get 

(14) / ^Q+(/,/)M = l/2W l) f f d»fdi-»f*A+[<p]\u\ a d^. 

JR n v< \ / J JR n xR n 

Following the same idea, and using (|13p and the renormalization of angular cross section 

(15) / ff>Q-(f, f)4>dZ = 1/2 J2 (l) f f d»fd*>-»f*A-[<t>}\u\ a dt;*dt. 

JR n u<rj \ u J J JR n xR n 

Subtract (fl~5|) from (JT3J) and split the total sum to conclude. □ 



The moments of the derivative of the collision operator need to be controlled in order to 
find a bound for the moments of the solution's derivatives. The following Lemma is a first 
step in this direction. 
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Lemma 3. Assume (ft > 0, then for any multi-index r\ 

(16) / ^Q(/,/)sgn(^/)M< 

If Md r >f\A[<j>]\u\ a d^dt; + 2 I f h\d v f\<f>M a dt*dz 

+ 1/2^ (l) f I \d»fd^MAim a d^ 

0<v< V \ U J J «»xt" 

+ E (l) I I \d u fd^M<ftM a d^ 

Proof. Let ^ > and ^ = sgn(<9 , '/) x I / in Lemma [2j In one hand, observe that for the first 
term in ([10]) \A + [sgn(d^ f)^}\ < A + [fy], hence 

On the other hand 

0VA-[ B gn(07)tf] = WI^'M - { Wl - sgn(av*)5V} . 

Gathering these two inequations we have 

(17) 9VA[sgn(a"/)¥] < + 2|dV|^*. 

Note that (|17p yields a control for the first term in (|10p of Lemma (2) Moreover, a similar 
argument also works for the second term in (jlOp , □ 

Although the expression (|16|) may look cumbersome, we point out that the main idea 
here is to separate the terms that depend on the actual derivative of order n from the lower 
order derivatives. In this way, it is possible to take advantage of the expression (|16j) when 
an induction argument is used. 

We are now ready to study the moments of the solution's derivatives for p > 1. The 
idea is to follow the work [3j adapting the results to this extended case. Several Lemmas 
are needed before attempting to prove a time uniform control on these moments. Let us 
first consider, in the following Lemma, test functions of the form (ft p = |£| 2p , with p > 1. 
For a detailed proof see [3] for bounded angular cross section function h(z) and from [5j for 
h(z) satisfying conditions (i)-(ii). Nevertheless, we present a slightly modified argument 
from the one in [5] to handle condition (ii): 

Lemma 4. Under the previous assumptions on h(-), for every p > 1, 

(is) Afej = 4iei 2p ] < -(i - 7p )(iei 2p + m 2 n + i P m\ 2 + \z*\ 2 ) p - \c\ 2p - \c*\ 2p ) 

where the constant ^ p is given by the formula 

f 1 / 1 + Z \P _ _ 3 

(19) lp = 0J n . 2 \ [ — ) h{z){\- z 2 )^dz 



-i 



with h(z) = 7}(h(z) + h( — z)). In particular, for e = n — 1 — > 
(20) lim 7p ~ p^l 2 \ , 

p— >oo 

where fi is the growth exponent of condition (ii) on h(z). 

Furthermore if h(z) is bounded, the following estimate holds for for p > 1 

. / 16n\\h\\ c 
7 P < mm 
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Proof. It is easy to see that linip^oo j p \ 0, since by conditions (i-ii) in h(z) it follows that 
71 is bounded. In particular 

l + z\ p 

— — J \ a.e. in (—1, 1) as p — > oo 

so 7 p is decreasing on p. Using Lebesgue's Dominated Convergence the decay of 7 p \ 
follows. 

However, using (ii) on h(z) we can say more about the decreasing rate of 7 p to zero. Since 

h(z) < C(l - z 2 )-^ 2 

then 

7 P = u; n _2 J [~^~ J K z )iX- z ) 2 dz 

< 2 £ - 1 Ca, n _ 2 f 1 sv +e ' 2 -\l - sf'^ds 
Jo 

(21) =2 e - 1 Cw n _ 2 /3(p + e/2,e/2) 
where e = n — 1 — / u>0. Then we can estimate 

d{p + 6/2, e /2) = r(P + £/ ^ )r | e/2) ~ P- /2 for large p. 

It is concluded that 7 P ~ p _e//2 when p — > oo and ([20]) holds. □ 
Remarks : 

• Lemma U] is a sharp version of the so called Povzner inequalities. It is proved 
after a clever manipulation of the post collision variables in the positive part of the 
collision operator. The convexity of h(-) plays an essential role to conclude Lemma 
(UD because it provides a non decreasing property to the action of the gain operator 
on convex functions. 

• For hard spheres h(u ■ a) = 1/4-7T, hence 7 p < min |l, ^qr[|- 

Lemma 5. Assume that p > 1, and let k p = [^-]. Then for all x,y > the following 
inequalities hold 

k p — l,s kp , . 

(22) ( 1) ( xk y p ~ h + xP ~ k v k ) < ( x + y) p - xP - v p < Yl ( 1 ) ( xk y p ~ k + xP ~ k y k )- 
k=i ^ ' fc=i ^ ' 

Remark : The binomial coefficient for a non integer p is defined for k > 1 as 

(23) ( p fcttiii), and ( , 

The following Lemma is a consequence of the previous two results. It provides a control on 
the collision operator's moments of order p using moments of the solution's derivatives of 
order strictly less that p. 

Lemma 6. Assume h(z) fulfill all the conditions discussed, then for every p > 1 and multi- 
index rj 



(24) d*>Q(f, f)sgn(d^m\ 2p dC < -(1 - lp )k^m p+a/2 + lp 5^S p 

+ S" (m a / 2 m p ) + 5 V (m m p+a/2 ) 
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where k a is a positive constant depending on a but not on p. 
In addition, 



5 V S P = ^2( P k \ {5 v {m k m p _ k+a/2 ) + S n {m k+a/2 m p _ k )} with k p 
k=i ^ ' 



P+l 



and 



8° (m a/2 m p ) + 5 V (m m p+a/2 ) = ( ^ j {8* u m a/2 5 u m p + 8 V u m 5 u m p+a/2 } . 



Remarks : 

• The notation 



5 v (m p m q ) = ( ^ ) 8 u rn p 5 ri v m q and 

(25) 5 n ~{m p m q ) = ^ ( ^ ) b v m p 8^ v m q 

has been chosen so that the "product rule of differentiation" holds. Expression 
(I24j) makes it clear that this notation is very convenient to maintain the length of 
expressions short and at the same time easy to remember. The minus sign next to 
the upper script 77 in the last term of (|24h was introduced to stress the fact that the 
sum is done on the multi-index v < rj. 
• Observe that none of the two last terms in (I24j) depends on S^mp+a/z for p > 1. 
This is important for the induction arguments used later on. 

Proof. Let <fi = |£| 2p in Lemma El The sum of terms two and four in the right-hand 
side of (fTOj) is bounded by 5 V (m a / 2 m p ) + 5 V (mom p+a / 2 ). Indeed, use the inequality 
\u\ a < + which is valid for a £ (0, 1], expand the integrals, and use the definition 
of moments of the derivatives © to conclude directly. 

Recall the inequality, found in pQ or Lemma 7], valid for solutions of the Boltzmann 
equation with finite mass, energy and entropy, 

(26) f h\n\ a d^>k a \i\ a 

JR™ 

where the constant k a depends, in addition to a, on the mass, energy and entropy of the 
initial datum f$. Thus, it follows that 

/ / f*\d v f\m 2p +\e p \)H a d^> [ [ M3 n m\ 2p \<dz.dt 

(27) > k a 5 r 'm p+a/2 . 

Use (j27|) , Lemma H] and Lemma [5j to control the first term in the right hand side of (|16p 



7pX) ( k ) ^ m fc+a/2 m p-fc + ^ m P-km k+a/2 + 5 r, m k m p ^ k+a/2 + S v m p _ k+a/2 m k . 



'X 

k 
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Similarly, the following control is obtained for the third term of (|16p 
E (l) f f \d u fd^MA[<P]H a d^dH< 

0<v< V \ U J J ^"xR" 

k=l ^ ' 0<v<?7 ^ ' 

+ 5 v m k 5 r >~ v m p _ k+a / 2 + 5 v m p _ k+a / 2 6 r ''' l/ mk . 
Combining these two inequalities, the sum of first and third term of (I16p is bounded by 

-(1 - j p )k a S n m p+a /2 + -/ P 5 V S P . 
This concludes the proof. □ 
Let us introduce the normalized moments, which are defined as 

(28) <J% = Prop/Tip + 6) 

where T(-) is the gamma function and 6 > is a free parameter to be chosen in the sequel. 
These moments can be used to simplify the estimate obtained in Lemma ([6]). 

Lemma 7. For every p > 1 and multi-index r\, 

PS P < A T(p + a/2 + 2b)S n Z p 

where 

(29) S r >Z p = max {^(^^-fe +a / 2 ), <^(«fc+o/2^»-fc)} 
and A > is a constant depending only on b. 

Proof. The proof is identical to that of Lemma 4 in [3] . First observe that 



fc=l ^ ' 



+ r(A; + a/2 + 6)r(p — k + b)5 r '(z k+a/2 z p _ k ). 
But the Beta and Gamma functions are related by 

L(x + y) 

This allow us to reduce the right-hand side in the previous equality to 

fat) / v 

f3(k + b,p - k + a/2 + b)5 71 {z k z p ^ a / 2 ) 



T(p + a/2 + 2b)J2( P k ) 

k=i ^ ' 



+ + a/2 + b,p-k + b)5 v (z k+a/2 zp^ k ) 



Therefore, 



(30) FSp < T(p + a/2 + 26) <J% f jQ 0(Jfe + 6,p - jfe + a/2 + b) 

+ (3(k + a/2 + b,p- k + b). 

Using the definition of the beta function it is possible to control the sum in (|30|) by constant 
A depending only on b, for details of this last step see Lemma 4]. □ 
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We are ready to construct the system of differential inequalities used in the proof of 
Theorem [2j The following Lemma follows by a direct application of Lemma [6] and Lemma [7] 
on the Boltzmann equation ([1]). 

Lemma 8. Let rj any multi-index and assume that 5 v mo > and 5 u mo, 8 v m a / 2 uniformly 
bounded on time for all v < rj, then 

(31) + (1 - lp )k a T{p + br^m a/2p (8^z p ) 1+a ^ < > k,p«' 2+b ^Z p 

+ hp^S 11 (m z p+a / 2 ) + S v (m Q / 2 z p ) 

for all p > 1, with k\ > universal constant, ko > depending only on b and k a given in 
Lemma {6]J 

Proof. First, note that using Jensen's inequality 

S n rn p+a/2 > 8 1 im- a,2p 8 1 im l + a l 2 v. 

Next, take the r\ derivative in velocity in both sides of the Boltzmann equation ([1]), then 
multiply it by sgn(<9 ?? /)|£| 2p and integrate in velocity, then, use Lemma [6] to obtain 

+ (1 - 7 P )k a 5V m - a/2p (5V mp ) 1+a ^ < 

7 P S V S P + {<f (m p+a/2 m ) + 5 V (m p m a/2 )\ . 
Use the definition of S^Zp in the previous inequality, and combine it with Lemma [7] to get 

+ (1 - l P )k a T{p + br/ 2 ^m- a/2p (5^z p ) 1+a / 2 P < 

T(p + a/2 + 2b) T(p + a/2 + b) _ - , 

^ K T{p + b) 5 Zp+ T{p + b) 6 ( m »^/ 2 ' + * (jn a/2Zp ). 

For the terms involving Gamma functions use the asymptotic formulas for large p 

T(p + a/2 + 2b) /2+b T(p + a/2 + b) /2 
T{p + b) y ' T{p + b) F 

to find the right polynomial grow. □ 

Remark : Lemma [8] is the equivalent result to Lemma 6.2 in [2]. Differential inequalities 
(|31|) have the additional complication that they are not of constant coefficients since S^mQ, 
unlike mo, is in general a function of t. 

The following classical result on ODE's helps to implement an induction argument on in- 
equalities of the form (!33H34p . 



Lemma 9. Let a and b positive continuous functions in t such that 

a* = inf a > 0, &* = sup b < +oo 

and let c a positive constant. In addition assume that y > € C 1 ([0, oo)) solves the 
differential inequality 

(32) y' + ay 1+c < b, y(0) = y 

then y < max{y , (b*/a*) 1 ^ 1+c ' ) } 
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Proof. Since y' + a*y 1+c < b*, it suffices to prove the Lemma in the case that a and b are 



positive constants. As a first step assume equality in (|32|) . Thus, from classical theory of 
differential equations this ODE has a unique C 1 solution with the property stated by the 
Lemma, i.e. 



^<max{y ,(b/a) 1/(1+c) }. 



If y G C([0, oo)) solves (|32p we claim that y < y*. Assume that there exist T' > where the 
inequality y(T') > y*(T') holds. Let T < T' such that y(T) = y*(T) and y > y* in (T, T'). 
The existence of such a point is assured by the continuity of the functions in addition to 
the fact that y(0) = y*(0) = yo- Therefore, 

y' = y(T') - y(T) > y*(T') - y*(T) = F 



Hence, there exist To G (T,T ! ) such that y'{To) > y[(To). Thus, the inequalities 

b - y(T ) 1+c > y'{T Q ) > ^(T ) = b - y*(T ) 1+c 

hold. Consequently, it is concluded that y(To) < y*(To) which is a contradiction. As a 
result, y <y*. This proves the Lemma. □ 

Remark : Same argument proves a similar result for y > G C 1 ([0,oo)) solving the 
differential inequality y' + ay 1+c < dy + b with a, b and d positive function on t (satis- 
fying similar hypothesis) and c a positive constant. Of course the bound slightly changes 
to y < max{yo,y} where point y is given by the equation a*i/ 1+c = d*y + b*. Here 
d* = sup t>0 d. 

Next result relate the last two Lemmas and gives some orientation of the future application 
of Lemma [9l 

Corollary 1. Inequalities 131\) can be written for p = 3/2 as 

(33) J f + a 3/2 (5^ 3/2 ) 1+c 3/ 2 < b 3/2 + ^3/2(^3/2) 
and for p G {2,5/2,3, ...} as, 

(34) + ap(d%) 1+ * < b P 

where Op, b p , c p and d 3 / 2 > are positive functions on t and b forp G {3/2, 2, 5/2, ...}, and 
more importantly, they are independent of the normalized moment S^Zp. 

Proof. The expressions for a p and c p can be found by comparison between (|33H34p and (|31|) 

(35) ap(t) = (1 - 7 P )A: a r(p + 6) Q / 2p <fm~ a/2p and c p = a/2p. 

Clearly they are positive functions of t and independent of S^Zp. For p = 3/2 the short 
expression for (P'.Zp is obtained 

^Z 3/2 = max{5 11 (z 1 z {1+a)/2 ),5 r, (z 1+a/2 z 1/2 )} 
< ^(ziZii+ayz) + S 11 (z 1+a/2 z 1/2 ) 
= S v (z 1 z (1+a)/2 ) + 5 V (z 1+a/2 z 1/2 ) + z 1/2 S v z 1+a/2 . 
But note that for a G (0, 1], 

(36) ^l+a/2< 1 + ^3/2- 
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Therefore, this together with Lemma [8] leads to f|33|) with 

(37) d 3/2 (t)= l3/2 k (3/2r/ 2+b z 1/2 (t) and 

b 3 /2(t) = J3 /2 ko(m a/2+b {«"(*l*(l +a )/ 2 ) + ^ (z 1+a/2 Z 1/2 ) + Z 1/2 ) 

+ ki(3/2) a ^~ (m z (3+a)/2 ) + ^" (m Q/2 z 3/2 ). 

For p € {2, 5/2, 3, ...} it is clear that for 1 < k < k p the subindexes k, p — k + a/2, k + a/2 
and p — k used in the definition of are all strictly less that p. Hence the term 5 n Z p do 
not depend on b r] z p . Therefore the expression (|34j) follows if we select 

(38) bp(t) = 7 P fcop a / 2+6 (P'Z p + {fcip"/ 2 ^" (m z p+Q/2 ) + ^ (m a/2 z p )} . 

Recall in equation ([38]) that the functions 5 V {mom p+a / 2 ) and ^ (m a / 2 m p ) depend on 
lower derivatives moments. □ 

4. Main Results 

Theorem [2] states that if the initial moments of the derivatives of any order are finite, 
they will continue finite through time. Moreover, these moments are controlled by the initial 
datum in a specific way. The result is an extension of Bobylev work, Theorem U] (item 1), 
which assures this behavior for the regular p-moments. 

Theorem 2. Let rj any multi-index and assume that S^uiq > 0, and 5 u mQ,8 v mi uniformly 
bounded in [0, T] for T > and all v < rj. Also assume that for some constants k > 
and q > 1 the initial renormalized moments of the solution's derivatives satisfy the grow 
condition on p 

8 v z p {Q)<kq p : p = 3/2,2,5/2,. .. 
Then we have the following uniform bound for the renormalized moments on t E [0, T] 

(39) 5 u z p (t)<KQ p , p = 3/2,2,5/2... 

for all v < rj, some Q > q and a positive constant K = K{j], ||/|[ ioO Q yj.p^M. 1 ) > ^) depending 

on the multi-index rj , the constant k, and on the L°°([0, T]; W^' 1 ) norm of f . 

Proof. Argue by induction on the multi- index order |r/|. The case |ry| = follows from a 
direct application of Bobylev work [2] for the hard spheres case (a = 1) or Gamba-Panferov- 
Villani work [5] for the general hard potential case a £ (0, 1), see Theorem [J] (item 1) on 
Appendix A. 

Thus, the induction hypothesis (IH) reads: Assume that Theorem [2] is true for any multi- 
index v with \v\ < \rj\, therefore there exists K\ > and Q > q depending on different 
parameters as stated above, such that for t £ [0, T] and \u\ < \rj\ 

5 u z p {t) < K X Q V for p > 1 

The purpose of the rest of the proof is to prove that 

8 n z p (fi)<KQ p for p= 1,3/2, 2,5/2, ... 

for some K > 0. Recall the parameters a p and h p with p € 3/2, 2, 5/2, ... defined explicitly 
in the proof Corollary [H The idea is to use induction on p to show that the quotient a p /b p 
is bounded by KQ P and conclude by using Lemma ES 
Define 

(40) = M a p (t) = ||^m ||-^ 2p T] (1 - 7p )T(p + 
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Observe that due to the induction hypothesis (IH) 
S n -(m z p+a/2 ) < 2MKt 11/11^(^.^1,^ Q P+a, \ and 

^-(m a/2 z p ) < 2^K X ||/|| iao([0iT] . w l,l, 1} Q p . 

where we have used the control of the moments and a/2 of the rj derivative of / provided 
by the L°°([0,T]; W^ 1 ' 1 ) norm of / 

E ^{ll^H^[0,T]} < \\f\\ L °°([0,T];Wl^)- 
i=l,a/2 

Hence, for p G 2, 5/2, 3, ... 

(41) b p (t) < lp k Q p a l 2+h 8*Z p + 2^Kt 11/11^(^.^1^ Q p {hQ a V 2 + l} . 
Substitute (SOD and (HU) in (tSU) to conclude that 



(42) + a^%) 1+ «^ < lp k p^+ b 5^Z p 

+ 2'^i II/II^^^ia, Q p {hQ^ 2 + 1} • 

Next, define the following sequences of p 

,i k 0lpP a / 2+b 2 I. fcl Q»/y/ 2 + 1 



in this way equation (|42p can be written as 

(43) + a^%) 1+a / 2 ? < aJ^^Zp + a^Q". 

Let us, for the moment, divert our attention from equation (|43p and make an observation 
regarding the sequences {A p } and {vlp}. Recall the asymptotic formula for T(p + b) with 
b > 

r(p + 6) Q / 2p ~ p Q / 2 for large p, 
also recall that in the prove of Lemma ([!]) 

lp ~ P _e ^ 2 for large p. 
Therefore, by letting b — e/2 < we have, 

A\ ~ p 6-e / 2 ^ as p -> oo. 
Meanwhile, the sequence {A 2 } is bounded. Define, 

I A 2 1 = supvl 2 < oo. 

p>2 

Thus, there exists po such that 

2^KiQ a / 2 Al < 1/2 ifp>p - 

Now, it is claimed that it is possible to take a number K > max|l, k, K\, 2 \A p l \^ such 
that 

(44) <*%(*) < KQ P for p = 3/2, 2, 5/2... and p < p . 

Let us prove that this K actually exists by arguing as follows: When p = 3/2 

5 n Z p = max{5 v (z 1 z {1+a y 2 )^ ri (z 1+a/2 z 1/ 2)} ■ 
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In the one hand, by hypothesis 

S V (z 1 Z {1+a)/2 ) < m+Q)/2 + b) H/H^acT];^!' 1 ) < +°°- 
and, in the other hand, by (IH) 

S V (z 1+a/2 z 1/2 ) < r(1/2 + b) (1 + ^z l+a/2 ) \\f\\ L ^ {mw \n\^ 



< 



2\ r >\K 1 Q 1+a l 2 



— (2 + ^ 3/2 ) ll/II^^.^M) 



r(i/2 + 

Combine these bounds with the definitions for b 3 / 2 and d 3 / 2 in Corollary Q] and apply 
Lemma [9] to find that S v z 3 / 2 is bounded. But once S^z^ii is bounded, 5 n Z 2 is immediately 
bounded and hence, by a new application of Lemma [9] on (|43|) for p = 2, 5 r] z 2 is bounded. 
Repeat this process up to po to find that 5 v z p (t) is bounded for p = 3/2, 2, 5/2, ...,po- So it 
is just a matter of choosing K > sufficiently large so that (|44p is fulfill. 

Let us argue by induction on the integrability index p to show that the same constants 
K and Q also hold for p > po with p £ {3/2, 2, ...}. Assume that (f4"l"|) holds. Hence, observ- 
ing that the term 5 v Z p does not depend on S^Zp for p > 3/2 and using (IH) one concludes 
that 

5 V Z P < 2^K 1 KQ p+a / 2 . 
Therefore, inequality (|43p reads for p > po 

(45) + ^z p ) 1+a / 2p < 2^ aL PA 1 p K 1 KQP +a / 2 + z p A 2 p Q p = b p 

thus by Lemma [9] 

<J%(i) < ma X {(b^K)^( 2 ^ 1 i"2 p (0)} . 
But the condition p > po and the choice of A" implies that 

bpW/a^O^b^/a^^l^^Q^ + ^jA'Q^KQP for p > Po . 

Since same inequality holds for p < po one concludes that, 

5% < max {KQ P , kq p } = KQ P for p = 1,3/2, 2, ... 
This completes the proof. □ 
Remarks : 

• For any p > 1 a simple Lebesgue interpolation argument together with Theorem [2] 
shows that 5 v z p < K V Q P . 

• The growing constant q for the initial datum is in general smaller that the one 
obtained for the differential moments. Thus, the control on the differential moments 
may worsen depending on the initial conditions. 

• The following is a different way to state Theorem [2j Let rj any multi-index and 

assume that fo € L 2 and / G L°°([0, T]; W^' 1 ), if for some ro > we have that 
J Rn \d u fo\ exp(ro|£| 2 )(i£; < oo for all v < rj then 



sup{/ \d»f\exp(r\Z\ 2 )dA <oo 
[0,T] Ul» J 



for some r < ro and all v < ij. 
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Lemma[10]and Lemma Qj] prove that, for a solution of Boltzmann equation /, the differential 
moments b v mo and 5 u m\ are uniformly bounded on time for v < rj , provided we have 
sufficient regularity in the initial datum fo- In other words, given sufficient regularity on fo 
we should have that / G L°°([0, T]; W^' 1 ). 

Lemma 10. Let r] any multi-index and suppose that fo G W^+a' ^ en f or an V T 6 (0, oo) 
we have that f G L°°([0, T]; W^). Moreover, <^m (i) > always holds. 

Proof. First note that if <5 7 'mo(t / ) = for some fixed t' > 0, we have that d v f(^, t') = 0. 
Therefore would be a polynomial in the variables £j with i = 1,2,- •• , n. Hence 

would not be integrable unless f{£,,t') = 0. But = ||/(-,Ollz,i = II/oIIl 1 due *° 
mass conservation. This is impossible for a non zero initial datum. 

Next, since ^4[1] = and ^4[|£| 2 ] < 0, one uses Lemma[3]to obtain the following inequalities 



1/2 — — — < 6 'm m a / 2 + 6 'm a/2 m 



0<V<T] 

and 

(46) 1/2 d ^™ l] < S^m m 1+a/2 + 8*m a/2 m x 



+ E ( I ) {S u m a/2 5^m + 5 v m 5^m a/2 ) 



E ( I ) {^m a/2 d^m 1+ S^m 5^m 1+a/2 



0<Ki) 

We can now conclude the proof by using inequality (|46p in order to implement an induction 
argument on the index order \rj\. Note that for the case |?7| = 0, the conservation of mass 
and dissipation of energy implies that / G L°°([0, T]; L\). In addition, since fo G L\, a , 
the moment 1 + a/2 is finite in the initial datum, then we must have that this moment 
is uniformly bounded in time, for this is precisely the work of Gamba-Panferov-Villani [5]. 
Hence, / G L°°([0, T]; L* + J. 

\v I l 

For 1 77 1 > 0, take fo G W^!;^ and assume that the result is valid for all |z^| < \r]\. 
Since Wjj+a C W^+a t nen fo € wj+Q, thus by induction hypothesis we have that / G 
L°°([0,T]; W 2 W }>1) for all \v\ < \ v \. Therefore, 8" mo, b v m\ and d~ u mi +a / 2 are uniformly 
bounded on [0, T] as long as \v\ < \r]\. Note, that 

S v m a / 2 < i5% + o~ v rni. 

As a result, inequalities (|46p imply that and i^mi are uniformly bounded on [0, T], 

i.e. / G L°°([0, T]; wj'''' 1 ). But ^^i+o^O) is finite by hypothesis, thus we can ap- 
ply Theorem [2] again to get that ^mi^/^t) is finite in [0, T]. We conclude that / G 

L°°([0, T]; W^+q )• □ 

Lemma [IT] shows that it is possible to go further and obtain a global in time result for 
the elastic case, provided that more regularity on fo is imposed. 

2+a 1 1 ^(\ v \-l)(l+a/2) 



\ri\ 1 \n\ 

Lemma 11. Let rj any multi-index and assume that fo G W 7 ^!!^, D H , ,,,,,, /2) then 



\v\,h 



f G W 2 ^ 
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Proof. In the one hand, for all multi-index v satisfying v < n we have by Cauchy- Schwartz 
inequality that 

S v m p <C Ssn H/ll w 

2p+s/2 

for any s > n and some constant C S)7l depending on s and the dimension n. Therefore, by 
letting p = 1 + a/2 we obtain, 

max {5 u m (t),5 u m 1 (t),5 u m 1+a/2 {t)} < C sn \\f(t,-)\\ H \v\ 

V<r\ n 2 + a + s/2 

Then, using Theorem ([6]) in Appendix A 

sup < max { 5 u mo(t), 5 u mi(t), S l, m 1+Q / 2 (t)} > < +oo. 
t>t l"<ri J 

On the other hand, the differential moments are bounded for t < to by Lemma [10] under 
these assumptions on /q. Hence, they are bounded uniformly for all t > 0. As a result, 

/ertR+ilfJ). □ 

The results of Theorem [2] Lemma [10] and Lema [IT] can be readily used to obtain the 
L 1 -Maxwellian bound for derivatives of any order. 

Theorem 3. Let r] any multi-index and assume that /o G W^+o • ^ n addition, assume the 
grow condition on the initial moments 

6 u rn p (0)/p\ <kq p 

for p > 3/2, all v < n and some positive constants k and q. Then, d v f has exponential 
tail of order 2 in [0, T] for v < r] and T £ (0, T) . Moreover, if we additionally assume 
/o £ ^(U-i)(i-f a /2) ^en the conclusion can be extended to T = +oo. 

Proof. Fix T E (0, oo) and observe that using Lemma [10] it is possible to conclude that 
/ E L°°([0, T]; wj+a )• F rom this follows that the moments b u mo and 5 u m\ are bounded in 
[0,T] for all v < n. Therefore, the conditions of Theorem [2] are fulfilled and we can use it 
to conclude that for all v < f] the following inequality holds in [0, T] 

(47) / |WH^ = ^^r'<if^^M (Qr)', 

where Q > q and K > are constants that depend on different parameters as discussed in 
Theorem [2] But, 

r(* + &) f . 

i for large i. 



r(* + i 

Consequently, the sum behave like 

i 

Thus, it suffices to choose r > such that Qr < 1 so that the sum in (|47p converges. 

Use the assumption that /q E fflinm^) an d apply Lemma [11] to extend the result 
to the limit case T = +oo. □ 

Remark : 
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• As a final remark on Theorem [21 Lemma [10] and Lemma [TTl observe that for any 
multi-index r\ and k > 2 + a, Theorem [2] implies that if /o £ wj?^, then / € 
C([0, T]; W^ 1 ' 1 ) for any T < oo. For the elastic case T = oo is also allowed, provided 
we have that f G fl}jJ|_i )( i +a/2) - 

5. Proof of Theorem Q] 
In order to simplify the notation set Q~(f,g) = f ■ L(g) where 

L{g) = [ <7*|£-£*|<X*. 

Proof. Differentiate the equation (pQ) rj times in velocity and multiply the result by sgn(d v f) 
to obtain 

(48) dt(\ff>f\) + \ff>f\ L(f) < Q+(\d*>f\,f) + Q + (f, \ffif\) + / • L(|^/|) 

+ E (l){Q + (\d u f\,\d^f\) + Q-(\d"f\,\d^f\)}. 

We use equation (I48j) to argue by induction on the index order \q\. The case \q\ = follows 
directly from Theorem HI item (2). 

Next, let /o fulfilling all the conditions of the Theorem and assume the result for \v\ < \rj\. 
Then, there exists r' < ro such that for any \u\ < \r/\ 

i^/i<^ )ro (i+iei 2 ) M/2 M^ 

where K^ rQ is a positive constant depending on r\ and ro- 

By hypothesis, \d u fo\/M ro G L 1 for all u < 77. Thus, the grow condition required in 
Theorem [3] on the derivative moments of the initial datum /o is satisfied, namely, that for 
some positive constants k and q, 

5 u m p (0)/p\ < kq p for p > 0. 

Furthermore, /o £ ^(uJi-i)(i+ a /2)' as a resu ^' Theorem [3] applies to obtain that for some 
r" <r 



(49) 



sup f \d u f\ exp(r"\£\ 2 )d£ = sup \\d u f /M r »\\ L i < 00 
t>o Jr™ t>o 



for all u < 77. Indeed, recall that in Theorem [2] a bigger grow constant Q > q was obtained 
for controlling the derivative's moments through time. Hence, previous integral must con- 
verge in general for r" < rQ. 

Let r = min {r',r"} and divide inequality (|48p by M r . Using the induction hypothesis 
we can bound the derivatives of lower order in (|48j) to get the inequality, 

d t (\dy\/M r ) + \d^f/M r \L(f)< 

K 1 



{Q+(\d^\, M r ) + Q + (M r , \ff>f\)} + i^ ro L(|0"/|)+ 

E ( I ) + l^l 2 ) IH/2M r, l^-vi) + + l£l 2 ) M/2 M r , \dn-"f\). 



M r 

K 
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Use Theorem [5] and Theorem [6] in the Appendix A, to obtain the following L 1 control from 
the previous inequality 

(50) d t (\dy\/M r ) + \dy/M r \L(f)< 

^ 2 ) ,o( 1 + l^| 2 ) (l ' 7hl)/2 £ (l)\\d u f/M r \\ L1 +L(\d»f\) 

where K 2 rQ > is a constant depending on rj, ro and on the kernel &(•), as Theorem [5] 
states. 

However, observe that for all v 

L{\d"f\) < lei^mo + 5»m a/2 < Const. Wf/M r \\ Ll (1 + \(\ 2 ) a / 2 

< Const. Wf/M r \\ L1 (l + \i\ 2 ) l l 2 . 

Therefore, combining this inequality with by (|49p we conclude that the right-hand side of 
(HOD is bounded by K^ ro (l + |£| 2 ) l? ? l/2 . Specifically, 

(51) dtQ&fl/Mr) + \ff>f/Mr\ L(f) < Kl ro (l + lei 2 ) 1 " 1 / 2 . 
Fix to > and integrate ([51]) over [0, to]- It follows that for any t € [0, to] 

\dv\/M r < Ki ro t (i + lei 2 ) 1 " 172 + Woi/M- < < ro *o(i + iei 2 ) |,?l/2 

where Kf. ro is a positive constant that depends on rj, ro and the kernel h( ). 

For t > to use the lower bound that provides Theorem [4] (item 3) in the Appendix to 

conclude that C = inf £,t>t L(f) > 0, thus using the full differential inequality (|51~1) 

W|/M r < max [c~ l Kl ro (l + \i\ 2 )^/ 2 , |0V„|/M P } < K^l + \£\ 

Therefore, K V:ro =max{if* Q • to, ^n,r } provides a sufficiently large constant for any i > 0. 
Since it is possible to fix any time to to perform these calculations, this constant just depends 
on T], ro and the kernel h(-). □ 

Remarks : 

• If assumption fo € -^!u|i_ivi +Q ,/2) * s no ^ imposed, Theorem[T]is still valid changing in 
the conclusion " sup t>0 " for " sup o<t<T " with T finite. This is a direct consequence 
of the fact that Theorem [3] is valid under these conditions for any finite time T. 

• Take as hypothesis of Theorem [1] only that fo € ^|u|i_i)(i +a /2) anci 



2\M/2 



l^/o|/{(l+|e| 2 ) IH/2 M ro } GL C 



for v < r] and some positive ro. Since for any r' £ (0, ro) the last hypothesis implies 
that \d v fo\/M r > e L 1 and 

l^/o|/{(l+|e| 2 ) M/2 M r ,}GL°° 

for all v < r). Thus, using Theorem [IJ there exist r < r' < ro such that 



IgTj . , 

">o(i + iei 2 )i^ 2 M, 1 /v ' 



T],r • 

r 



• Mischler et al. [7J proved that for inelastic collisions the solution of the problem 
JU) converges to the Dirac delta distribution as the time goes to infinity (see [7]). 
This is a consequence of the energy loss and therefore the cooling process that is 
taking place in the gas. Thus, for this case, it is not possible to obtain results like 
Theorem Q] which involve bounds that are uniformly in time for the solution /. In 
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the elastic case, the gas does not have this cool down phenomena hence uniform 
bounds on the derivatives can be proved in [0, oo). 

Appendix A. Facts for a solution / of the Homogeneous Boltzmann Problem 

The homogeneous Boltzmann problem for hard and Maxwellian potentials is nowadays 
pretty well understood, in addition to existence and uniqueness of solutions [6] many other 
results are available like positive estimates pj~] and propagation of regularity [10]. The most 
useful results used in this work are stated by the following theorems. 

Theorem 4. Assume that /o and h(-) have the properties discussed in the introduction 
and that a G (0, 1] . Then the following properties holds for a solution f of the elastic 
homogeneous Boltzmann problem: 

(1) : If /o satisfies J Rn fo exp(ro|£| 2 )<i$; < oo for some ro > 0, then there exist r < ro 
such that sup t>0 L n / exp(r|£| 2 )<i£ < oo. 

(2) : If fo < Kq exp(— ro|£| 2 ) for some -Koj r o > then there exist r < ro such that 
f < K exp(— r|£| 2 ) for all t > and some positive constants K. 

(3) : For every t$ > there are positive constants K, ro such that /(£,£) > K exp(— ro|£| 2 ) 
for all t > to- 

These are precisely the results that we want to extend for the derivative of / and their 
proof can be found in [3j for item 1, also [5] for item 2 and [11] for item 3. Of course item 3 
is not true in general for \d v f\, for example as shown by a Maxwellian solution, the gradient 
can be in general zero in some points of the velocity space at a given time. However, this 
result will prove to be helpful in showing pointwise bounds for the derivatives of a solution. 
Observe also that in items 1 and 2 in Theorem 0] the rate of decay ro that controls /o is 
worsen in general to r < ro for controlling /. 

Next, we state a remarkable result essential to prove item 2 in the previous Theorem, in 
particular, essential to control the gain collision operator. 

Theorem 5. Assume B(u,cr) = \u\ a h{u ■ a) with h(-) satisfying the conditions stated in the 
introduction. Then for any measurable function g > 0, 



Q+(g,M r ) 


< K 


9 




M r 




M r 


L 1 



for some positive constant K depending on a and r. 

As usual in the L°° bounds for Q + (f, /), this result is a direct application of the Carleman 
representation formula and clever manipulations of it. This Theorem is very helpful when 
we try to prove an L°° bound for the derivatives of /. The proof of TheoremOcan be found 
on [5j Lemma 12]. 

It is clear that same result holds for Q + (M r ,g), moreover, and slightly modification of the 
proof can be used to obtain the following Theorem. 

Theorem 6. Assume B(u,o~) = \u\ a h(u ■ a) with h(-) satisfying the conditions stated in the 
introduction, then for any measurable function g > 

Q+(g,(l + |g| 2 ) s M r ) 

(1 + l^YMr 

for any s > and some positive constant K depending on s, a and (3. 

Finally, a powerful result proved by Mouhot and Villani [101 Theorem 4.2] is also used. 
This result helps to obtain uniform bounds for infinite time for the derivative's moments. 
A small piece of this theorem, which is the one of use for us, is stated below. 



< K 



Mr 
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Theorem 7. Let a £ (0, 2), s G N and assume that fo € L\ PI -f^( S s _i)(i +a /2) • ^ en / or an 2/ 
to > and fc > 0, 

sup ||/(V)IIh? < +oo. 

t>t k 

This quantity depends on an upper bound on L\ and ^( S s _i)(i +7 /2) norms °//o omd a lower 
bound on to. 

The proof of this Theorem is rather technical and requires several previous results on 
the control of the positive collision operator including the gain of regularity of the positive 
operator, however its spirit is, as in this work, to find a stable differential equation for the 
H s norm of / and proceed by induction. 
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